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Abstract

Path calculus, or graphical linear algebra, is a string diagram calculus for the cate-

gory of matrices over a base ring. It is the usual string diagram calculus for a symmetric

monoidal category, where the monoidal product is the direct sum of matrices. We cate-

gorify this story to develop a surface diagram calculus for the bicategory of matrices over

a base bimonoidal category. This yields a surface diagram calculus for any bimonoidal

category by restricting to diagrams for 1× 1 matrices. We show how additional structure

on the base category, such as biproducts, duals and the dagger, adds structure to the

resulting calculus. Applied to categorical quantum mechanics this yields a new graphical

proof of the teleportation protocol.

Unifying the old and new quantum

What is an amplitude? Feynman's account of quantum mechanics epitomizes the particle
physicist's conception of amplitudes: �counting� the paths from a source to a detector ([FLS65]
�3.1). The rules for such path counting are (i) parallel paths add, and (ii) serial paths multiply:

2 + 3 = = 5, 2× 3 = = 6.

This is a cartesian, or classical, viewpoint on amplitudes, and would correspond to a classical
dynamical system with uncertainty such as the Galton board, if it wasn't for the Born rule.
Path calculus or Graphical linear algebra neatly encapsulates this correspondence between
linear algebra and path counting as a bimonoid in a monoidal category [Sob, DFC22].

Around the same time Feynman was giving his lectures, John Bell was initiating the study
of non-locality in quantum physics, otherwise known as entanglement [Bel64]. This also has a
categorical interpretation as adjointness (duals) in a compact closed category [AC04]. Perhaps
this is why particle physicists (before Bell) didn't notice entanglement: in�nite dimensional
Hilbert spaces don't have adjoints (duals).

There is a fundamental incompatibility here between the (bi-)cartesian monoidal structure
of the old quantum, and the multiplicative (tensor) monoidal structure of the new quantum.
In this work we resolve this con�ict by categori�cation or 2-linear algebra [KV94, Bae97]. We
consider this work as part of 2-categorical quantum mechanics initiated by Vicary [Vic12].

Categori�ed rigs are also known as 2-rigs, or rig categories, or bimonoidal categories [Lap72,
Kel74], or tight bimonoidal categories [JY21]. This last reference [JY21] contains much of the
heavy lifting upon which this work is based.
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