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Introduction

1. Search for optimal control solutions is difficult:

• LQR: Linear system dynamics, quadratic cost.
Analytic closed solution

• MDP and nonlinear dynamics, arbitrary cost.
Iterative solution

• RL: Unknown environment dynamics, unknown cost.
What is the structure for solution methods here? [MuJoCo]

https://mujoco.org/
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Introduction

Design of RL algorithms is a craft. There is a discrepancy in specificity between
pseudocode and (informal) diagrams. Can we do better?
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Control problems

Environment:

{
state space S transition t : S × A→ S
action space A immediate reward r : S × A→ R

Objective: Choose a policy π : S → A to optimize long-run reward.
For a fixed 0 < γ < 1, the long-run reward is given by a discounted sum

Vπ : S → R Vπ(s0) = Es′∼t(s,π(s))

∞∑
k=0

γk r(sk , π(sk))

Qπ : S × A→ R Qπ(s0, a0) = Es′∼t(s,π(s))

∞∑
k=0

γk r(sk , ak)

Dynamic Programming (DP) Known environment Backward induction

Reinforcement Learning (RL) Unknown environment ?
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Control problems

Examples:
• DP: Value improvement (MDP known)

V (s)← E(r ,s′)∼t(s,π(s))[r + γV (s ′)]

V (s)← E(r ,s′)∼t(s,π(s))[r + γV (s ′)]︸ ︷︷ ︸
update target

(α = 1)

• RL: The SARSA algorithm (MDP unknown, aka “model-free”):
Sampling (s, a, r , s ′, a′)

Q(s, a)← (1− α)Q(s, a) + α[r + γQ(s ′, a′)︸ ︷︷ ︸
update target

]

Q(s, a)← (1− α)Q(s, a) + α[r + γQ(s ′, a′)︸ ︷︷ ︸
update target

]

Separation of concerns: Update target computation and update operation.



RL in
Categorical
Cybernetics

Riu Rguez
Sakamoto

Introduction

Estimation
and control

Optics 101

Bellman operators

Policies

Models

Model update:
Iteration functors

Model, Agent &
Environment

Environments

Summary

6/22

Optics 101

Lenses and optics a way to specify bidirectional processes as morphisms.1

Lens(C)
((

X

X ′

)
,

(
Y

Y ′

))
= C(X ,Y )× C(X × Y ′,X ′)

Optic(C)
((

X

X ′

)
,

(
Y

Y ′

))
=

∫ M:C
C(X ,Y ⊗M)× C(M ′ ⊗ Y ′,X ′)

States and continuations: When the monoidal unit of C is terminal (e.g. Markov
categories),

Optic

(
I ,

(
X

X ′

))
∼= C(I ,X ) K

(
X

X ′

)
= Optic

((
X

X ′

)
, I

)
∼= C(X ,X ′)

Let K : Opticop → Set be the continuation functor, represented by I .

1Here the forwards maps are above (sorry!)
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Bellman operators

Optic

((
X

X ′

)
,

(
Y

Y ′

))
=

∫ M:C
C(X ,Y ⊗M)× C(M ′ ⊗ Y ′,X ′)

The value improv. map is the evaluation of the Bellman operator on the state s.

Bπ : L∞(S)→ L∞(S) in CMet

Bπ : RS → RS in Set

Bπ(V )(s) = E(r ,s′)∼t(s,π(s))[r + γV (s ′)]

A (linear) Bellman operator Bπ is the K-image of the Bellman operator optic.

+

S

RR

S
7−→
K

Bπ
RS RS

π t

γ

Is there a similar construction for RL algorithms?
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Bellman operators

+

S

RR

S
7−→
K

Bπ
RS RS

π t

γ

Bellman operator (Value Iteration)

+

SARSA
S

A

RR

S
A 7−→

ParaSet(K)

G
SAR SARSA

RS×A

Υ =

parametric Bellman function (SARSA)

ParaSet(K) is the (external) Para lifting of K.
A (linear) parametric Bellman function G is ParaSet(K)-image of a parametrised
optic.

ParaSet(K)(B) : Υ× RS×A → S × A× R ↪→ RS×A in Set

((s, a, r , s ′, a′),Q) 7→ (s, a, r + γQ(s ′, a′)) 7→ I(s,a)[r + γQ(s ′, a′)]
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Policies

Recall the SARSA algorithm (MDP unknown):

Q(s, a)← (1− α)Q(s, a) + α[r + γQ(s ′, a′)]

How do we get the reward r ′, next state s ′, next action a′ if the MDP is unknown?

P : RS×A → (DA)S

Q 7→ π(s) = argmaxa Q(s, a)

When S = 1, P : (S → A→ R)→ (S → DA) ∼= (A→ R)→ DA.



RL in
Categorical
Cybernetics

Riu Rguez
Sakamoto

Introduction

Estimation
and control

Optics 101

Bellman operators

Policies

Models

Model update:
Iteration functors

Model, Agent &
Environment

Environments

Summary

10/22

Models

Learning structure of models:

(DA)SRS

I∆(RS)

P

Bπ

Bootstrap
(Dynamic Programming)

(DA)SRS×A

SARSA∆(RS×A)

P

G

Bootstrap + sample
(Temporal Difference, like
SARSA or Q-learning)
S × A× R ↪→ ∆(RS×A)

(DA)SRS×A

SARn∆(RS×A)

P

G

Sample
(Monte Carlo)
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Reinforcement Learning model lens

policyparams

samplechange

P

G

bootstrap

Θ

∆Θ

(DA)S

Υ

model

update

interaction with

environment
via an agent
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Iteration contexts

Optic(C)→ Set ∼=
{
W : C × Cop → Set

W (M ⊗ X ,M ⊗ Y )→W (X ,Y ) nat. in X ,Y

For a symm. mon. cat. C, an iteration context for C is I : Optic(C)→ Set,

I
(
X

X ′

)
=

∫ M:C
C(I ,M ⊗ X )× C(M ⊗ X ′,M ⊗ X )

For a representative element (M, x0, i) ∈ I
(X
X ′

)
:

• M: state space

• x0 : I → M ⊗ X : initial state

• i : M ⊗ X ′ → M ⊗ X : iterator
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Weighted Para

Let D be a symm. mon. cat.,
W : D → Set a symm. lax mon. functor.

The action of
∫
W on D given by (M,w) • X = M ⊗ X generates

• the bicategory ParaW (D) (morphism: M ⊗ X → Y )

• the 1-category π∗
0(Para

W (D)) by quotienting invertible 2-cells
• UP: Freely extends D with states ∀X ∈ D,∀w ∈ F (X ).w : I → X .

For W = I : Optic(C)→ Set, the symm. mon. cat.
OpticI(C) = π∗

0(Para
I(Optic(C))) extends Optic(C) with states I →

(X
X ′

)
defined

by elements of I
(X
X ′

)
.
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Reinforcement Learning model lens

policyparams

samplechange

P

G

bootstrap

Θ

∆Θ

(DA)S

Υ

model

update

interaction with

environment
via an agent
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Reinforcement Learning model lens

policyparams

samplechange

P

G

bootstrap

Θ

∆Θ

(DA)S

Υ

interaction with

environment
via an agent

θ0
i

• Step-size update: Qnew ← (1− α)Qold + α(target)

• Gradient descent, momentum 2

2Cruttwell, Gavranović, Ghani, Wilson, Zanasi: Categorical Foundations of Gradient-Based
Learning (Proc.ESOP 2022)
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Model, Agent & Environment

• Model: Optic that parametrises an agent, extended with an update iteration

• Agent: (Model-)parametrised optic

• Environment: Iteration context for optics

DP: The data defining the environment is the same as the data defining the model.
RL: The model is an approximation of the environment.
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Environments: Iteration contexts for optics

The representable functor Ienv : Optic(OpticI(C))→ Set maps an object
(X ,X ′,Y ,Y ′) to a set with elements

(x0, k , i) ∈ Ienv
((

X

X ′

)
,

(
Y

Y ′

))
∼=

∫ M,M′:C
C(I ,M ⊗ X )

×C(M ⊗ Y ,M ′ ⊗ Y ′)

×C(M ′ ⊗ X ′,M ⊗ X )

X

X ′
Y

Y ′

M

M ′

k
x0

i
x0

M M ′

X Y Y ′ X ′ X

M

k i
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Environments: Examples

k ix0
M M ′

S A F S

M

Online (MDP: M = S , POMDP)

px0

S×A×F

S A×F S

S×A×F
x0

Offline (dataset, ER)

kx0
M

S A F S

M
x0

Contextual bandit

k

A F

Multi-armed bandit
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String diagram: Putting the pieces together

ev

(DA)S

Agent

A

F

Θ ∆Θ

Model

Environment

Υ

P

S

θ0, upd

G

∈ OpticI(C)

∈ Lens(C) ↪→ Optic(C) ↪→ OpticI(C)

∈ Optic(OpticI(C))

∈ Para(Optic(C))
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String diagram: Putting the pieces together

ev

AS

Agent

A

R

RS×A S × A× R
Model

Environment

S ′

S A R S ′

π

S

x0

i
k

G ′

π′ ev

Q0,upd
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Summary

• Identified main building blocks of RL
• String diagrammatic syntax helps visualise design distinctions

• Target computation, update operation
• Linear/non-linear, parametric/non-parametric Bellman operators
• Learning: Bootstrap vs sampling

Dynamic Programming Known environment Backward induction
Reinforcement Learning Unknown environment RL lens

• Online vs offline environments
• ...

• Work in progress:
• Compositional solution concepts. Relation to an open systems theory
• Multi-agent RL
• Convergence of Q-learning
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Thank you!

Check out the paper!
arXiv:2404.02688

See how Deep Q-networks fit here
at my blog!

https://arxiv.org/abs/2404.02688
https://riurodsak.github.io/posts/2024/05/rl_cat_cyb/
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On-policy, off-policy algorithms

ev

AS

Agent

A

R

RS×A T ∗
(s,a)(S×A)

Model

ev

Agent

A′

Environment

S ′

S A R S ′ A′

π

AS ∼=
S

x0

i
k

G

k

ev

AS

Agent

A

R

RS×A T ∗
(s,a)(S×A)

Model

Environment

S ′

S A R S ′

π

S

x0

i
k

G ′

ev

Figure 1: SARSA, an on-policy algorithm.
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On-policy, off-policy algorithms

ev

AS

Agent

A

R

RS×A S × A× R
Model

Environment

S ′

S A R S ′

π

S

x0

i
k

G ′

π′ ev

Q0,upd

Figure 2: Q-learning, an off-policy algorithm.
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Feedback type for learning models

• Dynamic Programming: Υ = I

V (s)← max
a

E(s′,r)∼t(s,a)[r + γV (s ′)]

• Monte Carlo: Υ = SARn (n-step episodes)

Q(s, a)← (1− α)Q(s, a) + α

n∑
t=0

γtrt

• Temporal Difference: Υ = SARSA

Q(s, a)← (1− α)Q(s, a) + α[r + γQ(s ′, a′)]
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Ablation maps

Removing either the bootstrapping or the sampling component produces other
existing algorithms:

Update w/o bootstrap w/o sampling

Q-learning 1-step Monte Carlo Value iteration
Exp-SARSA 1-step Monte Carlo Value improvement
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