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This talk is about the universal property
of the normal produoidal category

of optics in a monoidal category.

 E, Hefford, and Román, 2024 – The Produoidal Algebra of Process Decomposition
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The structure of categories of optics
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 Street, 2012, §4.6 – Monoidal categories in, and linking, geometry and algebra

 Pastro and Street, 2008 – Doubles for monoidal categories  Riley, 2018 – Categories of optics
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Promonoidal categories

A promonoidal category is a category C equipped with unit and tensor profunctors

C C

C C

C

C

C

C
≅ ≅

C

C
C

C

C

C

C CC C

≅

such that these isomorphisms are coherent (pentagon + triangle axioms).

More concretely, we have a category equipped with

■ a set ⊗C(A,B ;C ) =: C(A⊗ B ;C ) for every triple of objects (“splits”)

■ a set I (;A) =: C(I ;A) for every object (“atoms”)

■ functorial actions of the morphisms of C / C × C on these sets

■ such that splits are coherent
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Promonoidal categories

A promonoidal category is a category C equipped with unit and tensor profunctors

C C
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such that these isomorphisms are coherent (pentagon + triangle axioms).

■ Every monoidal category is promonoidal

■ Closed monoidal structures on presheaves ≃ promonoidal structures on the
base (Day, 1970)

■ Promonoidal categories ≃ malleable multicategories (M. Román, 2023)

■ Optics in a planar monoidal category (Pastro and Street, 2008)

■ Spliced arrows in a category

4 / 14



Promonoidal categories ≃ malleable multicategories

A multicategory M is malleable if its composition is invertible up to dinaturality.
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Theorem  M. Román, 2023 – Monoidal Context Theory.
The category of promonoidal categories is equivalent to the category of malleable
multicategories.
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Promonoidal categories ≃ malleable multicategories

A multicategory M is malleable if its composition is invertible up to dinaturality.

⇝ ≅≅≅

Theorem  M. Román, 2023 – Monoidal Context Theory.
The category of promonoidal categories is equivalent to the category of malleable
multicategories.
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Splice: the cofree promonoidal category over a category
C × Cop has a promonoidal structure:
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Composing profunctors...

C × Cop
(
X
Y ◁ (X

′
Y ′ ◁ X ′′

Y ′′); AB
) ∼= C(A;X )× C(Y ;X ′)× C(Y ′;X ′′)× C(Y ′′;B)

cf.  Day, 1970 – On closed categories of functors  Melliès and Zeilberger, 2023 – Categorical contours...
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Splicing is right adjoint to contouring

Theorem (E, Hefford, and Román, 2024).
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cf.  Melliès and Zeilberger, 2023 – Categorical contours...
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Produoidal categories

A produoidal category is a category with two promonoidal structures such that...

⊗
◃◃ ⊗ ⊗

◃ ⊗
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◃
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◃

Examples

■ Every duoidal category is a produoidal category

■ Closed duoidal structures on presheaves ≃ produoidal structures on the base

■ Spliced monoidal arrows

■ Optics in a (planar) monoidal category

cf.  Booker and Street, 2013 – Tannaka Duality and Convolution for Duoidal Categories
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Splice (II): The cofree produoidal category over a monoidal category

When C is monoidal we have a second promonoidal structure on C × Cop
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and these interact to form a produoidal structure, e.g.
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Splice (II): The cofree produoidal category over a monoidal category

The produoidal category of spliced monoidal arrows
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Splicing is right adjoint to contouring (II)

Theorem (E, Hefford, and Román, 2024).
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Normalization

Any produoidal category can be normalized: this forces an isomorphism

≅
⊗ ◃

NC(A;B) := C(N ⊗ A⊗ N;B)

NC(A⊗ B;C ) := C(N ⊗ A⊗ N ⊗ B ⊗ N;C )

NC(I ;A) := C(N;A)

NC(A ◁ B;C ) := C((N ⊗ A⊗ N) ◁ (N ⊗ B ⊗ N);C )

NC(N;A) := C(N;A)

Theorem (E, Hefford, and Román, 2024). Normalization extends to an idempotent
adjunction between produoidals and normal produoidals.

cf.  Garner and Franco, 2016 – Commutativity
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Normalization of spliced monoidal arrows

NSplice(C)(XY ; AB) := Splice(C)(N ⊗ X
Y ⊗ N; AB)

=

∫ P
Q,P

′

Q′∈Splice(C)
C(A;P ⊗ X ⊗ Q)× C(P ′ ⊗ Y ⊗ Q ′;B)× C(P;P ′)× C(Q;Q ′)

∼=
∫ P,P′∈C

C(A;P ⊗ X ⊗ P ′)× C(P ⊗ Y ⊗ P ′;B)
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Theorem (E, Hefford, and Román, 2024). Optics in a monoidal category C are the
free normalization of the cofree produoidal category on C, OptC ∼= NSplice(C).
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Conclusion and further work

■ Duomulticategories

■ Tambara modules

■ Recovering operads of wiring diagrams

■ Polar shuffles

13 / 14



References

 Booker, Thomas and Ross Street (2013). “Tannaka duality and convolution for duoidal
categories”. In: Theory and Applications of Categories 28.6, pp. 166–205.

 Day, B. (1970). “On closed categories of functors”. In: Reports of the Midwest Category
Seminar IV. Vol. 137. Berlin, Heidelberg: Springer Berlin Heidelberg, pp. 1–38.

 E, Hefford, and Román (2024). “The Produoidal Algebra of Process Decomposition”. In:
32nd EACSL Annual Conference on Computer Science Logic (CSL 2024). LIPIcs.
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 Melliès, Paul-André and Noam Zeilberger (2023). The categorical contours of the
Chomsky-Schützenberger representation theorem.

 Pastro, Craig and Ross Street (2008). “Doubles for monoidal categories”. In: Theory and
Applications of Categories 21, pp. 61–75. doi: 10.48550/arXiv.0711.1859.

 Riley, Mitchell (2018). Categories of Optics.
 Román, Mario (2023). “Monoidal Context Theory”. PhD thesis. Tallinn University of

Technology.
 Street, Ross (2012). “Monoidal categories in, and linking, geometry and algebra”. In: Bulletin

of the Belgian Mathematical Society-Simon Stevin 19.5, pp. 769–820.

14 / 14

https://doi.org/10.48550/arXiv.0711.1859

	References

