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ZX-calculus
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Spiders

𝛼 𝑛𝑚 ⋮⋮ J⋅K⟼ |0⟩⊗𝑛 ⟨0|⊗𝑚 + 𝑒𝑖𝛼 |1⟩⊗𝑛 ⟨1|⊗𝑚
𝛼 𝑛𝑚 ⋮⋮ J⋅K⟼ |+⟩⊗𝑛 ⟨+|⊗𝑚 + 𝑒𝑖𝛼 |−⟩⊗𝑛 ⟨−|⊗𝑚
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Computational basis states

J⋅K⟼ |0⟩ = (10)
𝜋 J⋅K⟼ |1⟩ = (01)
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Superposition

J⋅K⟼ |+⟩ = 1√2 (11)
𝜋 J⋅K⟼ |−⟩ = 1√2 ( 1−1)
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Hadamard box =
𝜋 𝜋=
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Hadamard box =
𝜋 𝜋=

J⋅K⟼ |+⟩ ⟨0| + |−⟩ ⟨1|
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Hadamard matrix

J⋅K⟼ |+⟩ ⟨0| + |−⟩ ⟨1|= 1√2 (1 01 0) + 1√2 (0 10 −1)
= 1√2 (1 11 −1)
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Z-spider =
𝜋 = 𝜋𝜋
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Z-spider

𝑘𝜋 = 𝑘𝜋𝑘𝜋
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Z-spider

𝑘𝜋 = 𝑘𝜋𝑘𝜋
J⋅K⟼ |0⟩ ⟨0, 0| + |1⟩ ⟨1, 1|
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X-spider

𝑗𝜋𝑘𝜋 (𝑗 ⊕ 𝑘)𝜋=
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Composition

[( ) ⊗ ( )] ∘ [( ) ⊗ ( )]
= [ ] ∘ [ ]

= =
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CNOT gate

𝑘𝜋
𝑗𝜋 = 𝑗𝜋𝑗𝜋𝑘𝜋 = 𝑗𝜋

(𝑗 ⊕ 𝑘)𝜋
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Phases

𝛼 J⋅K⟼ |0⟩ ⟨0| + 𝑒𝑖𝛼 |1⟩ ⟨1|
𝛼 J⋅K⟼ |+⟩ ⟨+| + 𝑒𝑖𝛼 |−⟩ ⟨−|
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Phases

𝛼 J⋅K⟼ [1 00 𝑒𝑖𝛼]
𝛼 J⋅K⟼ 12 [1 + 𝑒𝑖𝛼 1 − 𝑒𝑖𝛼1 − 𝑒𝑖𝛼 𝑒𝑖𝛼 ]
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Quantum gates
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Theorem (Universality)
Any linear map between qubits can be expressed in
terms of ZX diagrams.
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Rewrite rules
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Copy

𝑘𝜋 = 𝑘𝜋𝑘𝜋
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Fusion

=𝛼 ⋮⋮
𝛽 ⋮⋮ 𝛼 + 𝛽 ⋮⋮⋮⋮⋯

=𝛼 ⋮⋮
𝛽 ⋮⋮ 𝛼 + 𝛽 ⋮⋮⋮⋮⋯
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Color

𝛼 =⋮ 𝛼⋮ ⋮⋮
𝛼 =⋮ 𝛼⋮ ⋮⋮
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Only Connectivity Matters

= =
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Only Connectivity Matters

=

𝜋 𝜋2
𝜋4

-𝜋2𝜋
𝜋

𝜋2 𝜋4

-𝜋2𝜋 =
𝜋

𝜋2 𝜋4
-𝜋2

𝜋
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Axioms
𝛼 ⋮⋮

𝛽 ⋮⋮ 𝛼 + 𝛽 ⋮⋮⋮⋮=(Fusion)

𝛼 =(Colour)⋮ 𝛼⋮ ⋮⋮
=

(Euler)

=(Copy)

=(Z-Elim) =(X-Elim)

=(Bigebra)

𝜋2 𝜋2− 𝜋2

− 𝜋4𝜋4 =
(One)

=(*)𝛼1 𝛼2 𝛼3 𝛽1 𝛽2 𝛽3
𝜋 𝛾
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Theorem (Completeness)
Any equation that holds for linear maps between
qubits can be derived in ZX-calculus.
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Example
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Quantum Teleportation
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Quantum Teleportation

𝑎𝜋𝑏𝜋
𝑏𝜋 𝑎𝜋

Alice

Bob

𝑎𝜋𝑏𝜋
𝑏𝜋 𝑎𝜋

Alice

Bob

=
(Fusion)

(Colour) 2𝑏𝜋
𝑎𝜋

𝑎𝜋
Alice

Bob

=
(Fusion)

2𝑎𝜋Alice

Bob
=

(X-Elim)

(Fusion) Alice

Bob
=

(Z-Elim)

𝜓 𝜓𝜓

𝜓𝜓
Alice

Bob
= 𝜓
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Extensions
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Applications: ZX-calculus
Quantum Circuit Optimisation

𝛼𝛼 =
Measurement-Based Quantum Computing

𝛾𝛼
=

𝛼 𝛾
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W node

=
𝜋 = 𝜋+𝜋
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ZW-calculus
Summation 𝑎𝑏 = 𝑎 + 𝑏
Linear Optical Quantum Computing

=
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ZXW-calculus
Hamiltonians

= 𝑎 𝑏
𝑠0(𝑡) 𝑠1(𝑡)

𝜋
𝑎 𝑏

𝑒𝐻𝑡

𝐻 = 𝑎𝑋 + 𝑏𝑍

Differentiation and integration

𝜕𝜕𝜃 ⎡⎢⎢⎣ 𝜃 𝜃𝜃 ⎤⎥⎥⎦ = 𝜋
𝜃 𝜃 𝜃𝜋𝑖



Completeness of qufinite ZXW calculus,
a graphical language for finite-dimensional quantum theory
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Finite-dimensional Hilbert spaces

Definition
FHilb is the category of finite-dimensional Hilbert
spaces.

Definition
FHilb𝑑 is the subcategory of FHilb, where Hilbert
spaces have dimensions of 𝑑𝑛.
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Qubits: |𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩
Qudits:|𝜓⟩ = 𝑎0 |0⟩ + 𝑎1 |1⟩ + 𝑎2 |2⟩ + ⋯ + 𝑎𝑑−1 |𝑑 − 1⟩
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History of Completeness

Qubit Qutrit Quopit Qudit

Clifford

Clifford + T

Universal

FHilb2 FHilb3 FHilb𝑝 FHilb𝑑
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History of Completeness
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History of Completeness

Qubit Qutrit Quopit Qudit

Clifford

Clifford + T

Universal Poór et al., 2023Hadzihasanovic, 2015

Jeandel, Perdrix and Vilmart, 2018a

Backens, 2014 Wang, 2018

Booth and Carette, 2022

Jeandel, Perdrix and Vilmart, 2018b
Ng andWang, 2017

FHilb2 FHilb3 FHilb𝑝 FHilb𝑑
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History of Completeness

Qubit
FHilb2 Qutrit

FHilb3 Quopit
FHilb𝑝 Qudit

FHilb𝑑
Clifford

Clifford + T

Universal Poór et al., 2023Hadzihasanovic, 2015

Jeandel, Perdrix and Vilmart, 2018a

Backens, 2014 Wang, 2018

Booth and Carette, 2022

Jeandel, Perdrix and Vilmart, 2018b
Ng andWang, 2017

Mixed-dimesnional
FHilb

This work
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The qufinite ZXW-calculus
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Standard bases

For 0 ≤ 𝑗 < 𝑑,
𝐾𝑗 J⋅K⟼ |𝑑 − 𝑗⟩
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Z spider

J⋅K⟼ |𝑘⟩ ↦ |𝑘, 𝑘⟩
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X spider

J⋅K⟼ |𝑖, 𝑗⟩ ↦ |𝑖 + 𝑗 mod 𝑑⟩
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Notation: The multiplier

≔ ⋯𝑚𝑚 J⋅K⟼ |𝑘⟩ ↦ |𝑚 ⋅ 𝑘 mod 𝑑⟩ ,
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Generator: W node

J⋅K⟼ |00⟩ ⟨0| + 𝑑−1∑𝑖=1(|𝑖0⟩ + |0𝑖⟩) ⟨𝑖|
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Generator: W node

J⋅K⟼ |00⟩ ⟨0| + 𝑑−1∑𝑖=1(|𝑖0⟩ + |0𝑖⟩) ⟨𝑖|
= 𝐾𝑗 = 𝐾𝑗 + 𝐾𝑗
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Understanding the Z box
Z spider:

𝛼 J⋅K⟼ [1 00 𝑒𝑖𝛼] , where 𝛼 ∈ ℝ.
Z box:

𝑎 J⋅K⟼ [1 00 𝑎] , where 𝑎 ∈ ℂ.
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Understanding the qudit Z box
Qubit Z box: for 𝑎 ∈ ℂ,

𝑎 J⋅K⟼ [1 00 𝑎]
Qudit Z box: for ⃗𝑎 = (𝑎1, 𝑎2, ⋯ , 𝑎𝑑−1) ∈ ℂ𝑑−1,

⃗⃗⃗ ⃗⃗𝑎 J⋅K⟼ ⎡⎢⎢⎢⎣
1 0 0 ⋯ 00 𝑎1 0 ⋯ 00 0 𝑎2 ⋯ 0⋮ ⋮ ⋮ ⋱ ⋮0 0 0 ⋯ 𝑎𝑑−1

⎤⎥⎥⎥⎦
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Generator: Z box

𝑚

𝑛⋯⋯⃗⃗⃗ ⃗⃗𝑎 J⋅K⟼ 𝑑−1∑𝑗=0 𝑎𝑗 |𝑗⟩⊗𝑚 ⟨𝑗|⊗𝑛 ,
where ⃗𝑎 = (𝑎1, ⋯ , 𝑎𝑑−1) ∈ ℂ𝑑−1

and 𝑎0 ≔ 1
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Mixed-dimensional generatos



14/53

Mixed dimensions

2
22𝑑 2𝑑

𝑑 𝑑
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2
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𝑑 𝑑
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Mixed dimensions

2
22𝑑 2𝑑

𝑑 𝑑
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Dimension splitter

𝑚 𝑛𝑚𝑛
J⋅K⟼ 𝑚−1∑𝑖=0

𝑛−1∑𝑗=0 |𝑖, 𝑗⟩ ⟨𝑖𝑛 + 𝑗| .
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Interacting diemensions

2
22𝑑

2𝑑𝑑 𝑑
2𝑑
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Mixed-dimensional Z box

𝑑𝑛+𝑚𝑑𝑛+1

𝑑𝑛𝑑1 ……⃗⃗⃗⃗⃗⃗𝑎 J⋅K⟼ min {𝑑𝑖}𝑖−1∑𝑗=0 𝑎𝑗 |𝑗, ⋯ , 𝑗⟩ ⟨𝑗, ⋯ , 𝑗| ,
where ⃗𝑎 = (𝑎1, ⋯ , 𝑎min {𝑑𝑖}𝑖−1) ∈ ℂ𝑑−1

and 𝑎0 ≔ 1
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Mixed-dimensional copy

=𝐾-𝑗
𝐾-𝑗 𝐾-𝑗

𝑚𝑛1 𝑛2
𝑛1 𝑛2

0
,
,

if 𝑗 < 𝑛1, 𝑛2
otherwise
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Rule: Mixed-dimensional copy

=𝐾-𝑗 𝐾-𝑗 𝐾-𝑗𝑚𝑛1 𝑛2
𝐾-𝑗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗1𝑁𝑚𝑛1 𝑛2
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Rule: Mixed-dimensional fusion

=⃗⃗⃗ ⃗⃗𝑎 𝑏⃗ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝑏′⋯ ⋯ ⋯
⋯

⋯
⋯⋯⋮ = ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗𝑎𝑏′⋯

⋯
⋯
⋯𝑚1 𝑚𝑖 𝑛1 𝑛𝑘

𝑚𝑗𝑛𝑘+1 𝑛ℓ

⋯ 𝑟1𝑟𝑠
𝑚1 𝑚𝑖 𝑛1 𝑛𝑘

𝑚𝑖+1 𝑚𝑗𝑛𝑘+1 𝑛ℓ

𝑚1 𝑚𝑖 𝑛1 𝑛𝑘
𝑚𝑖+1 𝑚𝑗𝑛𝑘+1 𝑛ℓ𝑚𝑖+1

where 𝑀 = min{ 𝑗
min𝑡=1 𝑚𝑡, ℓ

min𝑡=1 𝑛𝑡, 𝑠
min𝑡=1 𝑟𝑡}, ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑎𝑏′ = (𝑎1𝑏1, … , 𝑎𝑀−1𝑏𝑀−1).
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Rule: Trialgebra

=𝑚 𝑛
𝑘 𝑘

𝑚 𝑛
𝑘 𝑘
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Rule: Dimension Splitter

𝑚 𝑛𝑚𝑛 = 𝑛

𝑚𝑛𝑚𝑛𝑚𝑛
𝑚 𝑛
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A Normal Form𝐾1
𝑎0 𝑎𝑖 𝑎𝑚-1

-𝑒 𝑖,0-𝑒 𝑖,𝑘
-𝑒 𝑖,𝑠-1

𝑚𝑠-1 𝑚𝑘 𝑚0

⋯ ⋯
⋯ ⋯

𝑚

-𝑒 𝑚-1,
0

-𝑒 𝑚-1,
𝑘

-𝑒 𝑚-1,
𝑠-1

-𝑒 0,0-𝑒 0,𝑘
-𝑒 0,𝑠-1 J⋅K⟼ ⎛⎜⎜⎜⎜⎜⎜⎝

𝑎0⋮𝑎𝑖⋮𝑎𝑚−1
⎞⎟⎟⎟⎟⎟⎟⎠

where 𝑚 = ∏ 𝑚𝑖
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Proposition
The interpretation functor J⋅K is full.
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Completeness proof
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Map-state duality

⟺=𝐴⋯⋯ 𝐵⋯⋯ 𝐴⋯⋯ 𝐵⋯⋯=
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Completeness using a normal form

If J𝐷1K = J𝐷2K, then:
⟹𝑟1, ⋯ , 𝑟𝑛 𝑁𝐷 ⟸𝑠1, ⋯ , 𝑠𝑚⋯ 𝐷2⋯𝐷1⋯
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Structure of states

𝐴1⋯⋯𝐴2
⋯𝐴𝑛⋮ ⋮ with ⋯𝑔1𝐴𝑗 =⋯⋯ ⋯⋯⋯ 𝑔𝑘⋯⋯⋯⋯⋯

where 𝑔1, ⋯ , 𝑔𝑘 are generators.
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State ⟹ normal form I.

𝑁1⋯𝐴1⋯ =
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State ⟹ normal form II.

𝑁1
⋯⋯𝐴2 = 𝑁1 𝐴2⋯ ⋯⋯
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State ⟹ normal form III.

𝑁1 𝐴2⋯ ⋯⋯ = 𝑁1⋯ 𝑁2⋯
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State ⟹ normal form IV.

⊗ = ⋯ ⋯𝑁1,2⋯𝑁1⋯ 𝑁2⋯
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State ⟹ normal form V.

= ⋯𝑁′1,2⋯ ⋯𝑁1,2⋯
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State ⟹ normal form VI.

⋯𝑁′1,2 =𝐴3 𝑁′1,2,3⋮𝐴𝑘 𝐴𝑘⋮ = 𝑁′1,⋯,𝑘= ⋯⋯ ⋯⋯
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Summary: state ⟹ normal form

• Generators• Tensor product of two normal forms• Partial-traced normal form
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Lemma: Z box

=⃗⃗⃗ ⃗⃗𝑎⋯𝑑 𝑑 𝑑
𝑎1 𝑎2 𝑎𝑑-1⋯1

𝐾1

⋯𝑑 𝑑 𝑑

𝑑𝑚

-1 -1 -1 -2 -2 -2
-(𝑑-1) -(𝑑-1) -(𝑑-1)
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Lemma: W node

=
𝐾1

1 ⋯
-1 -1-1 -1 -2 -2-2 -2

-(𝑑-1) -(𝑑-1)-(𝑑-1) -(𝑑-1)

𝑑 𝑑 𝑑

𝑑3
11 11 11

0 0 00 0 0000𝑑 𝑑 𝑑
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Lemma: Hadamard box

𝐻 =𝑑 𝑑

𝑑 𝑑

-1
-(𝑑-1) -𝑟 -𝑟 -1 -𝑟
-(𝑑-1) -(𝑑-1) -(𝑑-1) -1
-(𝑑-1) -(𝑑-1)-1 -1 -1 -1
-(𝑑-1)

𝐾1
1√𝑑

𝐾1

1 1 1⋯ 1 𝜔𝑟 𝜔𝑟(𝑑-1)⋯ ⋯ 1 𝜔𝑑-1 𝜔(𝑑-1)2⋯⋯1 𝜔 𝜔𝑑-1⋯
𝑑2
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Lemma: Dimension splitter

=𝑚𝑚𝑛 𝑛
⋯⋯

𝑑 𝑚 𝑛

𝑑2𝐾1

-0 -𝑘
-(𝑑-1)-𝑠 𝑘 -𝑡 𝑘

-𝑠 𝑑−1 -𝑡 𝑑−1-𝑠 0 -𝑡 0

1 1 1

where 𝑘 = 𝑠𝑘𝑛 + 𝑡𝑘, 0 ≤ 𝑘 ≤ 𝑚𝑛 − 1.
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Lemma: Tensor product

𝐾1
𝑎0 𝑎𝑖 𝑎𝑚-1

-𝑒 𝑖,0-𝑒 𝑖,𝑘
-𝑒 𝑖,𝑠-1

𝑚𝑠-1 𝑚𝑘 𝑚0

⋯ ⋯
⋯ ⋯

𝑚 𝐾1
𝑏0 𝑏𝑗 𝑏𝑛-1

-𝑒 𝑗,0-𝑒 𝑗,ℓ
-𝑒 𝑗,𝑡-1

𝑛𝑡-1 𝑛ℓ 𝑛0

⋯ ⋯
⋯ ⋯

𝑛

=
𝐾1

𝑎0𝑏0 𝑎𝑖𝑏𝑗 𝑎𝑚-1𝑏𝑛-1
𝑚𝑛

𝑚𝑠-1 𝑚𝑘⋯ ⋯ 𝑛ℓ 𝑛0⋯
⋯ ⋯

0 0 0 0
-𝑒 𝑖,𝑘

-𝑒 𝑖,𝑠-1 -𝑒 𝑖,𝑘-𝑒 𝑗,0-𝑒 𝑗,ℓ0 0 0 0 0 01 1 1 1 1 11 1 1 1

where 𝑀 = 𝑑𝑚 − 1, 𝑁 = 𝑑𝑛 − 1.
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Lemma: Partial trace

=
𝐾1

𝑎0 𝑎𝑘 𝑎𝑚-1

𝑚𝑠-1 𝑚𝑖 𝑚0

⋯ ⋯
⋯ ⋯

𝑎ℓ ⋯
𝑚𝑗

-𝑒 𝑘,0-𝑒 𝑘,𝑖
-𝑒 𝑘,𝑠-1 -𝑒 𝑘,𝑗 -𝑒 ℓ,0-𝑒 ℓ,𝑖
-𝑒 ℓ,𝑠-1 -𝑒 ℓ,𝑗

𝑚

⋯

-0-0-0 -0 111 1

-𝑒 𝑝,0
-𝑒 𝑝,𝑠-1 1 10 0

Σ0 Σ𝑚-3Σ𝑝

𝑚𝑠-1 𝑚0⋯

𝐾1 𝑚(𝑚𝑖)2⋯⋯

where 𝑚𝑖 = 𝑚𝑗 and Σ𝑘 corresponds to the elements of the partial
trace over 𝑠 and 𝑡 indices.
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Theorem (Completeness)
The qufinite ZXW calculus is complete for
finite-dimensional Hilbert spaces.
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Corollary
The category ZXW is monoidally equivalent to the
category FHilb.
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Corollary
The category ZXW is monoidally equivalent to the
category FHilb.

Two categories are monoidally equivalent if• there is a monoidal functor between them and• the functor is full, faithful, and• essentially surjective on objects
(Heunen and Vicary, 2019)
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Corollary
The category ZXW is monoidally equivalent to the
category FHilb.

Proof.• The interpretation functor J⋅K is a monoidal functor.

• It is full and faithful by Proposition 1 and Theorem 3,
respectively.• For any object 𝐻 ∈ FHilb, we have an object(dim(𝐻), ) ∈ ZXW such that𝐻 ≅ ℂdim(𝐻) = J(dim(𝐻), )K; hence, J⋅K is essentially
surjective on objects.
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The category ZXW is monoidally equivalent to the
category FHilb.

Proof.• The interpretation functor J⋅K is a monoidal functor.• It is full and faithful by Proposition 1 and Theorem 3,
respectively.• For any object 𝐻 ∈ FHilb, we have an object(dim(𝐻), ) ∈ ZXW such that𝐻 ≅ ℂdim(𝐻) = J(dim(𝐻), )K; hence, J⋅K is essentially
surjective on objects.

⇤
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Applications
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Symmetrizer of spin-𝑛2
⃗⃗⃗ ⃗⃗𝑎 ⋮2⋮ 2

𝑛+1
𝑛+1 2𝑛+1

2𝑛+1𝑛 𝑛
where ⃗𝑎 = ( 1(𝑛1), ⋯ , 1(𝑛𝑘), ⋯ , 1(𝑛𝑛))
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Jaynes-Cummings

𝐾1 ℏ𝜔 22 22
𝑑 𝑑𝑑
2 2𝑑 𝑑
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Quantum programming language: QFT

𝐻 𝐻
𝐻

𝑅1 𝑅2 𝑅𝑛 𝑅2 𝑅𝑛⋮𝑛 = ⋮ ⋮𝐻𝑛 2𝑛 2𝑛2 2
2 2
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Thank you!
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